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I. INTRODUCTION 
  Presupposing a preferred reference frame which is isotropic so that the speed of light is invariant 
irrespective of its propagation direction, Mansouri and Sexl (MS) suggested a general framework for 
the transformation between the isotropic frame and an inertial frame [1]. Based on the MS general 
framework, numerous experiments associated with time dilation or the Doppler effect [2–9] have been 
carried out to test the validity of the special theory of relativity (STR) which postulates the principle of 
relativity and the constancy of the speed of light [10]. According to the postulates, any convenient 
inertial frame with respect to which relative velocities are readily obtained can be selected to be a 
preferred frame in which the speed of light is considered to be isotropic. The experimental results have 
shown to be in agreement with the predictions of STR, which may have led to the firm belief that STR 
has been experimentally verified.  
In the STR, all inertial frame are equivalent and isotropic according to the postulates. Hence there 
are an infinite number of isotropic frames. Recently the relationship of time dilation and the formula 
of the Doppler effect have been derived under the uniqueness of the isotropic frame by exploiting the 
MS framework [11, 12]. The unique isotropic frame is the preferred reference frame. In this paper, a 
theory based on the uniqueness of the isotropic frame is referred to as the preferred frame theory 
(PFT). Using the derived results and introducing the standard synchronization into inertial frames, we 
examine the validity of the postulates of STR in terms of proper time and the Doppler effect, 
particularly focusing on the equivalence of inertial frames.  
Proper times and Doppler-shifted frequencies, which are independent of the synchronization of 
clocks [2, 3, 11, 12], can be obtained by regarding any inertial frame as isotropic. Nonetheless, their 
values are demonstrated not to be uniquely determined unless the isotropic frame is unique. As a 
matter of fact, it is easy, as shown in Section III, to prove that the equivalence of inertial frames under 
the constancy of the speed of light is mathematically infeasible. If two velocities are non-collinear, the 
Mocanu paradox that the velocity composition law of STR is inconsistent is caused [13–15]. It results 
from the mathematical infeasibility. In addition, the constancy of the speed of light disagrees with the 
experimental result of the generalized Sagnac effect [16, 17], which clearly indicates the anisotropy of 
the speed of light not only in rotating frames but also in inertial frames [11, 18]. On the contrary, the 
PFT with a unique isotropic frame is consistent with the experimental results, including the 
generalized Sagnac effect, for the test of STR and it has no contradictions and no paradoxes. 
Despite the infeasibility, the predictions of STR have been in agreement with numerous 
experimental results of time dilation or the Doppler effect. The reason for the agreement is explained. 
Though the postulates of STR are mathematically infeasible, the Lorentz transformation (LT) itself, if 
not subject to the postulates, is a very useful method, which can make mathematical manipulation easy 
and which needs only relative velocities between inertial frames without requiring the absolute 
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velocities with respect to the preferred frame. We discuss the usefulness of LT, together with its 
limitation. It is shown that LT can exactly obtain some physical quantities, such as proper time, which 
are independent of the synchronization of clocks. 
Neither special relativity nor general relativity could have consistently dealt with the Sagnac effect. 
Though a variety of explanations and analyses on the Sagnac effect are available based on these 
theories [19, 20], even the problem of time gap that multiple times are defined at the same place in the 
rotating frame has not been resolved. The generalized Sagnac effect [11, 16–18, 21] that shows the 
anisotropy of the speed of light in inertial frames as well may be a more perplexing conundrum to the 
theory of relativity based on its isotropy. We demonstrate, as an example to show the usefulness of LT, 
that the difference between the travel times of counter-propagating light beams in the experiment of 
the generalized Sagnac effect can be exactly obtained by exploiting it. Though LT can exactly 
discover some physical quantities, it cannot for some quantities such as spatial coordinates even if they 
are irrelevant to the clock synchronization. We investigate, through numerical calculations, how 
accurately LT can find spatial coordinate vectors. 
The conclusions of the paper differ substantially from those of other articles, e.g., Refs. 15 and 22–
24, which employ the Thomas rotation to explain successive transformations. According to this other 
point of view, no inconsistency is present in STR once the Thomas rotation is properly taken into 
account. It is discussed in Subsection III.2 why this standard treatment cannot be considered a 
satisfactory solution of the problem. 
 
II. GENERAL TRANSFORMATION BETWEEN INERTIAL FRAMES 
This section presents a general transformation between inertial frames, together with the equations 
of time dilation and of the Doppler effect, based on the MS framework under the uniqueness of the 
isotropic frame. The preferred reference frame S  is isotropic so that the speed of light is a constant 
c  regardless of the propagation direction. An observer lO , who is at rest in an inertial frame lS , is 
in rectilinear motion at a velocity lv  as seen in S . Its normalized velocity is denoted by l , i.e., 
cll /v , which is an absolute velocity with respect to S  in PFT. Representing time as an 
imaginary number, the space-time coordinate vector of S  is expressed as TT ],[ xp   where 
ict  with 2/1)1(i  and t  denoting time, x  is a spatial vector, and T  stands for the 
transpose. Similarly the coordinate vector of lS  is expressed as TTlll ],[ )()()( xp  .  
In the MS general framework, p  is transformed into lS  in such a way that [1] 
xTlll ig   )( ,                               (1a) 
 3
))ˆ(ˆ()ˆ(ˆ)( xxxx TlllTlllll dbib    ,                  (1b) 
where 
l
T
llll bag  ,                               (2a) 
llll
T
llll ddb   ˆ)ˆ)(( .                         (2b) 
In the above equations, the vectors with hats denote unit vectors. For example, given a real vector q , 
its unit vector is denoted by qˆ , i.e., ||||/ˆ qqq  , where ||||   designates the Euclidean norm. 
Moreover we denote its magnitude by q , i.e., ||||qq . The transformation coefficients la , lb  
and ld  can depend on l , and the synchronization vector l  is determined by a synchronization 
scheme for clocks in lS . The general transformation (1) can be represented in matrix form as 
pTp )()( lGl  ,                                 (3) 
where )( lG T  can be written as a partitioned matrix: 


 )()( lll
T
ll
lG ib
ig


M
T ,                            (4) 
where 
IM l
T
lllll ddb   ˆˆ)()( ,                           (5) 
with I  an identity matrix.  
Using Eq. (3), one can find the transformation between arbitrary inertial frames iS  and jS : 
)()( ),( iijGj pTp  ,                             (6) 
where 
)()(),( 1 iGjGijG   TTT .                          (7) 
From Eqs. (4), (5), and (7), ),( ijG T  is written as [12] 




 

)()())((
)()(),( 11
11
ij
T
ijjiijjji
i
T
j
T
iiji
T
jji
ijG babia
iaigga


MMM
M
T ,         (8) 
where  
IM
l
T
ll
l
T
ll
ll
l dadb
11ˆˆ)11()(   .                    (9) 
Note that the transformation between iS  and jS  is dependent on both i  and j . It is obvious 
that ),(),(1 jiGijG  TT  . Given i  and j , the velocity ji  in iS  of an object jO  is 
given by [2, 12] 
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)])ˆ(ˆ[])ˆ(ˆ[(),(
1
j
T
iijiij
T
iii
jij
ji dba
   ,            (10) 
where 
)])ˆ(ˆ[(]))ˆ(ˆ[(),( jTiijTi
j
i
ij
T
ii
T
i
j
i
j
i
ji a
d
a
b
a
a   .        (11) 
It is easy to see from Eq. (10) that ji  is reduced to j  when 0i  so that 1 iii dba  
and 0i . Note that the direction of ji  is independent of i  and j  whereas its magnitude is 
dependent on i . 
  It is well known that proper time (PT) is independent of the synchronization of clocks. We use a 
subscript ‘ ’ at PT, say )(l , to distinguish it from adjusted time (AT) through a synchronization 
procedure. The PT interval is measured at the same position while the AT interval is the time 
difference between different positions. The (1, 1)-entry of ),( ijG T  represents the time dilation 
factor, which makes a connection between PT and AT, and it is given by [12] 
),(|),( 11 ijijG  T ,                          (12) 
where mn|A , 2,1, nm , represents the (m, n)-entry of a partitioned matrix A , i.e., mnmn AA | . 
The differential forms for Eqs. (3) and (6) are obtained by replacing coordinate vectors with 
differential vectors. The differential coordinate vector of an observer jO  who is at rest in jS  can be 
represented as Tjj dd ],[ )()( 0p . Substituting the )( jdp  into the differential form of Eq. (6) with 
subscripts i  and j  interchanged yields 
cjiGji dd 1)()( |),( Tp                                   (13a) 
  TTjiGjijd ])|),((),,([ 21)(  T  ,                  (13b) 
where c1|A  denotes the first column of a matrix A . The differential vector )(idp  can be generally 
expressed as 
T
i
T
iii dddd ]/,1[ )()()()(  xp                           (14a) 
TT
jii id ],1[)(   .                             (14b) 
Equation (14b) results from the fact that the normalized velocity of jO  is jiii did )()( / x  in iS . 
Comparing Eqs. (13b) and (14b), the differential PT of jO  is related to )( id  by 
),(
)(
)(
ji
i
j
d
d 
  .                             (15) 
 5
From Eq. (13a), )()(1 /|),( jicjiG dd pT  , which is written using Eqs. (14b) and (15) as  
TT
jijicjiG i ],1)[,(|),( 1   T .                     (16) 
The formula of the Doppler effect can be derived from Eq. (6). Consider that a plane wave of 
frequency l  propagates with a direction vector TllllD kkk ],,[ 321k  in an inertial frame lS . Its 
wave 4-vector can be written as TTlDlcl ],[ kk   where ci llc /   with the angular frequency 
ll  2 . The wave vectors ik  and jk  are related to [12] 
iij
T
Gj kTk ),(  .                             (17) 
The Doppler-shifted frequency j  as seen in jS  is written as 
)cos1(),( jijijiij    ,                        (18) 
where ji  is the angle between iDk  and ji  so that iDTjiji kˆˆcos  . The relationships of time 
dilation and of the Doppler effect are valid within the general framework of Eq. (6) regardless of the 
transformation coefficients and the synchronization parameters. It should be noted that the equations 
have been derived under the uniqueness of the isotropic frame. 
 
III. UNIQUENESS OF THE ISOTROPIC FRAME 
  The STR postulates the principle of relativity and the constancy of the speed of light. All inertial 
frames are equivalent and isotropic according to the postulates so that there are an infinite number of 
isotropic frames. Equation (3) represents a general transformation between the isotropic frame S  and 
an inertial frame. The STR and the PFT see it differently. In PFT, only S  is isotropic and it is the 
preferred reference frame. On the contrary, in STR, any inertial frame, which is regarded as isotropic, 
can play the role of the preferred frame. In this section, the frame that is actually isotropic is shown to 
be unique. However, there are many experimental results of time dilation or the relativistic Doppler 
effect that agree with the predictions of STR. Introducing the standard synchronization into inertial 
frames, we present the equations for PT and the Doppler effect under PFT and explains the reason for 
the agreement. Furthermore, it is shown that STR has many inconsistencies. 
 
1. Uniqueness of physical quantities and uniqueness of the isotropic frame 
  We employ the coefficients in Eq. (3) that STR has suggested: 
1 lla  , llb  , 1ld ,                           (19) 
where 2/12 )1(  ll  . Also, we adopt the standard synchronization so that the synchronization 
vector becomes ll   . Then Eqs. (2a) and (2b) are expressed as llg   and ll   . In the 
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standard synchronization, the transformation matrix )( lG T  is written as 





I
T T
lllll
T
lll
lG i
i

 ˆˆ)1()( 
 .                      (20) 
It is easy to see that ITT )()( lGlTG  . Recently a coordinate transformation, called the 
transformation under the constant light speed (TCL), between a rotating system and the isotropic S  
has been suggested [18]. A transformation between lS  and S  can be derived from TCL through the 
limit operation of circular motion to linear motion. The derived transformation has the same form as 
an inertial transformation [25]. The same transformation can also be obtained through the LT of the 
world lines of inertial observers [26]. The inertial transformation matrix is identical to Eq. (4) with Eq. 
(19) and 0l , which may be an exact one for inertial systems. For convenience, under the standard 
synchronization, we refer to Eq. (6) with Eq. (19) as an exact transformation (ET), which represents 
the coordinate transformation in PFT. 
  It is convenient to introduce a partitioned matrix to be used in place of transformation matrices: 



2221
1211
AA
A
A
A ,                               (21) 
where 11A  is a scalar quantity. Let ),( ijG TA  . Because )()(1 lTGlG  TT  , TAA 1 . 
For simplicity, ji  is used instead of ),( ij  . Using Eq. (16), we have [11] 
jiijjiG
T i   2112 |),(TA ,                         (22) 
ijjiA  11 .                               (23) 
It follows from IAA T  that 12121211  AATA . Substituting Eqs. (22) and (23) into this equation 
gives 
2/12 )1(  ijji  .                             (24) 
Equations (23) and (24) lead to ijji   . The ji  is written from Eqs. (10) and (19) as 
)]ˆ(ˆ))ˆ(ˆ([1 jTiijijTiiiijjji     .                (25) 
The velocity ij  can be found by interchanging subscripts i  and j  in Eq. (25). Though the 
magnitudes of ji  and ij  are identical, generally jiij   . If the directions of i  and j  
are the same, however, it is readily seen from Eq. (25) that jiij   . 
  The differential PT of jO  can be expressed as 
 jiij dd  /)()(                               (26a) 
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jd  / .                                 (26b) 
It is worth noting that Eq. (26a) is valid even if subscripts i  and j  are interchanged. The first row 
of A  is written from Eqs. (22) and (23) as ],1[|1 Tjijir i A . The motion of jO  is described as 
TT
jiii i ],1[)()( p  in iS . Recall that Eq. (3) with jl   and Eq. (6) are the representations for 
the same )( jp . Equation (26a) is obtained from the substitution of the )(ip  into Eq. (6), and Eq. 
(26b) from the substitution of TTji ],1[ p  into Eq. (3) with jl  . Note that the PT of jO  is 
the same regardless of i  and j  for any iS , as can be seen from Eq. (26b).  
  It is very important to understand the meaning of time   in the isotropic S  such that differences 
between   and AT in an inertial frame can be recognized. In Eq. (26b), the d  between two 
different places is actually the same as the time interval at the same place. That is to say, in Fig. 1, the 
00d )( 1020    is actually equal to the 21d )( 1122    because events at the same   are 
actually simultaneous in S . Let us suppose that there exists another isotropic frame 0S , which is in 
uniform linear motion at a normalized velocity 0  with respect to S . Even if )0(d  is the time 
interval measured between different positions, where )0(  denotes the time coordinate in 0S , it is the 
same as the PT interval because events at the same )0(  are really simultaneous in 0S . The 
coordinates between S  and 0S  are related by LT. The velocity of S  relative to 0S  is 0 . The 
relationships of time between S  and 0S  are written as 0)0( / dd   from pTp )( 0)0( G  and 
0)0( / dd   from )0(0 )( pTp  G  where 2/1200 )1(   . They, however, contradict each 
other because all the time intervals in 0S  and in S  are equivalent to the PT intervals even if they 
are between different positions. In fact, AT is an apparent time and PT is the correct time. In the 
isotropic frame, 21d , 01d )( 1120   , and 20d )( 1022    as well as 00d  are all the 
correct time intervals and they are really the same. 
  Unless the isotropic frame is unique the Doppler effect is not uniquely determined. Suppose that a 
plane wave )(sin),(  cTDA  xkx  of frequency   is propagating in S  where A  is the 
amplitude, Dk  is the direction vector, and cic /   with the angular frequency  2 . The 
Doppler-shifted frequency in jS  can be expressed from Eqs. (17) – (20) as 
)cos1( jijiijij                             (27a) 
  )cos1( jjj   .                           (27b) 
The frequency is a physical quantity representing the reciprocal of the period of the sine wave, which 
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is obviously irrelevant to the clock synchronization. The formula (27a) expressed as a function of the 
relative velocity ji  is a different representation of the same frequency j  related to   by Eq. 
(27b) expressed as a function of the absolute velocity j . When iS  employs a different 
synchronization i , rather than the standard one, j  is represented by a function of i  as in Eq. 
(18), but it is the same regardless of i , as shown in Eq. (27b).  
If inertial frames are equivalent, however, j  does not have a unique value. Consider another 
isotropic frame 0S  as above. The wave vector and the frequency in 0S  of the plane wave are 
denoted by 0k  and 0 . The frequency 0  can be written as )cos1( 0000    according 
to Eq. (27a). Because 0S  is considered isotropic, 0k  and jk  are related by 00 )( kTk jTGj  , 
which leads the Doppler-shifted frequency in jS  to be given by )cos1( 00000 jjjj    
where 0j  is the velocity of jS  relative to 0S . In general, the j  of Eq. (27) will not be equal to 
the 0j . It is not uniquely given. The values of proper time and frequency are unique. They have 
unique values under the uniqueness of the isotropic frame.  
 
2. Inconsistencies in STR 
In STR, coordinates between inertial frames are related by LT. A coordinate vector )(ip  in iS  is 
Lorentz-transformed into jS  and then the resultant vector TTjjj ],[ )()()( xp   is given by 
)()( )( ijiLj pTp  ,                             (28) 
where 





I
T T
jijijijiji
T
jijiji
jiL i
i

 ˆˆ)1()( 
 .                     (29) 
Equation (28) represents a generalized LT that can be applied to arbitrary ji  regardless of its 
direction. If 0i  so that jji   , the matrix )( jiL T  becomes equal to Eq. (20) with 
jl    and the coordinate vector in STR is the same as the exact one in PFT, i.e., )()( jj pp  . The 
differential PT of jO  when calculated from Eq. (28) is written as 
 jiij dd  /)()(  .                             (30) 
If the coordinate transformation matrix is )( jiL T , the formula for the Doppler effect is given by 
iji
T
Lj kTk )(  and the Doppler-shifted frequency j  is expressed as  
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)cos1( jijijiij   .                          (31)  
Note that )( jd  and j  are equal to the exact ones )( jd  and j  though the LT is not exact.  
When the correct coordinate vector )(ip  is directly transformed into jS  as Eq. (28), the time 
component )( j  of )( jp  is the same as that of )( jp  given by Eq. (6) but their spatial vectors are 
different. The transformation (28) does not provide correct coordinates. Additionally, if the coordinate 
transformation is made by way of another inertial frame, say kS , the resultant coordinate vector, 
depending on the intermediate frame kS , is not uniquely determined. Suppose that )( ip , ki , and 
jk  are given. Then STR calculates the coordinate vector in jS  in such a way that 
)(/)( ),( ikijkLkj pTp  ,                           (32) 
where )()(),( kiLjkLkijkL  TTT  . The vector kj /)(p  is other than the )( jp  of Eq. (28). It 
varies with the selection of the intermediate frame. The one-way speed of light has been known to be 
empirically inaccessible, which leaves room for the conventionality of simultaneity [6, 20, 27] to play. 
Spatial coordinates are irrelevant to the clock synchronization. The )( jp  of Eq. (6) is also written as 
pTp )()( jGj   and its spatial vector, though appearing to depend on i  and j  in Eq. (6), is 
independent of the synchronizations. However, if iS  and kS  employ synchronization vectors i  
and k , the spatial vector of kj /)(p  is dependent on them.  
  These inconsistencies result from the non-equality  
),()( ijGjiL  TT  ,                            (33) 
though the standard synchronization is adopted into both iS  and jS . Any inertial frame can play the 
role of the preferred frame in STR. If kS  is selected as the preferred frame, accordingly the equality 
)()()( 1 ikLjkLjiL   TTT  should be satisfied. The frames iS , jS , and kS  are arbitrary and it 
should be satisfied for every ji , jk , and ik . However, the equality is mathematically infeasible, 
which means that the equivalence of inertial frames under the constancy of the speed of light is 
mathematically infeasible. It is easy to see the mathematical infeasibility unless we adhere to the belief 
that STR must be correct. However, the firm belief in the correctness may have hindered many people 
from seeing the infeasibility that can be discovered easily. Let us illustrate the Mocanu paradox [13–
15]. 
When iS  and jS  are connected to an arbitrary intermediate frame lS  by velocities li  and 
jl , the velocity of jS  relative to iS  in STR is calculated, according to its velocity composition 
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law [13–15], as  
jllilji  / ,                              (34a) 
where 




 li
lijl
T
lili
li
jl
li
jl
T
ki
jlli 

 1
)(
1
1  .               (34b) 
It is easy to see that Eq. (25) is represented as jiji   )( . If velocities are non-collinear, the 
composition law is not consistent with the postulation of STR. In general ljilij //   , though lij /  
should be equal to lji /  in accordance with the principle of relativity, and the Mocanu paradox is 
raised.  
  The paradox has been explained by resorting to the Thomas rotation [14, 15, 22–24, 28]. Let 
kl SS   and the transformation from iS  to jS  is made through an inertial frame kS . The 
successive LT of ),( kijkL T  is not reduced to the LT for kji / , namely 
),()( / kijkLkjiL  TT  .                           (35) 
For the resolution of the problem of the non-equality, a Thomas rotation is employed such that  
),()(),( / kijkLkjiLkijk  TTR  ,                      (36) 
where the spatial rotation matrix ),( kijk R  is determined to satisfy the equation. The introduction 
of the spatial rotation may shed light on the non-equality of Eq. (35). However, the rotation matrix, 
depending on the intermediate frame kS , is not uniquely given and ),( kijkL T  is not identical to 
),( ijG T  so that the coordinate vector kj /)(p  from the former is other than )( jp  from the latter, 
even their time components being different. Moreover, when the coordinates of iS  are transformed 
into jS , the resulting coordinates must always be the same irrespective of whether they are obtained 
directly from iS  to jS  or via kS  or via another inertial frame mS . Even if the rotation is 
introduced, on the contrary, the transformed coordinates do vary with the intermediate because 
),(),( mijmLkijkL  TT  .                         (37) 
Inconsistencies in STR remain regardless of the introduction of the rotation. 
  Let us investigate the velocity of jS  with respect to iS  in the presence of two additional inertial 
frames kS  and mS  to see the inconsistency of STR more clearly. According to the velocity 
composition law, jmmkjk    and mkkimi   . Using these and Eq. (34a), we have  
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)(/ jmmkkikji   ,                         (38a) 
jmmkkimji   )(/ .                        (38b) 
The PT and the Doppler shift in jS  can be obtained from relative velocities, as shown in Eqs. (26a) 
and (27a). The composition operation is not associative [15]. Thus mjikji //   , which indicates that 
the PT and the Doppler shift also vary with the intermediate frame so that they are not uniquely given. 
In fact, they have an infinite number of values as there are an infinite number of intermediate frames. 
Moreover neither kji /  nor mji /  corresponds to ji  which is, depending only on the absolute 
velocities as shown in Eq. (25) (or Eq. (10)), independent of intermediate frames. Even if the correct 
velocity ji  is known, )( jiL T  is not equal to ),( ijG T . 
The spatial rotation was introduced only to explain the fact that ),( kijkL T  is not reduced to 
)( / kjiL T . It can explain neither the non-equality of Eq. (37) nor Eq. (33), which causes 
inconsistencies and contradictions in STR such as the non-uniqueness of PT, Doppler effect, and 
spatial coordinates. The inconsistencies and the contradictions cannot be resolved by resorting to the 
rotation at all. On the other hand, there are not any inconsistencies or any paradoxes in PFT that 
retains the equality 
),(),(),( ikGkjGijG  TTT                         (39) 
for every i , j , and k . The relationship of Eq. (39) leads to the PT, the Doppler shift, and the 
spatial vector having unique values from frame to frame irrespective of the clock synchronizations. 
 
3. Empirical evidences 
There are many experimental results of time dilation or the Doppler effect, which have been known 
to agree very well with the predictions of STR [2–9]. It is usually stated that STR has been 
experimentally confirmed. As a matter of fact, the experimental results are the evidences for PFT, 
rather than STR, because the equivalence of inertial frames under the light speed constancy is 
mathematically infeasible. Even the analyses of experimental results have often been made based on 
PFT under a unique isotropic frame [2, 3].  
One way to prove STR and to disprove PFT is to experimentally show the isotropy of the one-way 
speed of light [3, 4]. To the end, the variation of the Doppler effect can be measured as it is a function 
of the one-way speed. The underlying idea of isotropy tests seems to be that if PFT is correct, the 
Doppler-shifted frequency will vary according to the velocity of a measuring apparatus with respect to 
the preferred frame S . In the isotropy test, the apparatus is placed on a rotating platform or the 
surface of the Earth. For example, when a test is performed to observe possible sidereal modulation on 
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the Doppler shift due to the Earth’s rotation [4], our Solar System can be considered to belong to an 
inertial frame iS . If the velocity j  of the apparatus periodically changes with respect to S  
periodic changes recorded on the Doppler shift can be observed according to Eq. (27b). However, if 
there are no relative changes between the velocity ji  and the wave vector iDk , when seen in the 
frame iS  disguised as an isotropic frame, the Doppler shift does not vary, as shown in Eq. (27a), 
even though they change in S .  
Sometimes STR and PFT have been considered empirically indistinguishable. In Ref. 29, the 
inability of detection of an ether wind is described as a conspiracy of nature. It is the equalities 
between Eqs. (26a) and (26b) and between Eqs. (27a) and (27b) that what nature conspires is. In the 
article of MS [1], “a theory maintaining absolute simultaneity is equivalent to special relativity.” The 
theory maintaining absolute simultaneity seems to be equivalent to PFT. However, MS draw the 
conclusion from the investigation only under a unique isotropic system. They have investigated clock 
synchronizations between the isotropic frame S  and an inertial frame and discovered that the length 
contractions in STR and PFT are equal. The left side of Eq. (33) should be equal to the right side if 
STR is equivalent to PFT.  
Equations (26) and (27) have been derived under the uniqueness of the isotropic system. 
Nonetheless, PTs and Doppler shifts, according to Eqs. (26a) and (27a), are exactly obtained from any 
inertial frame iS , which has been verified through numerously repeated experiments. It is stated in 
Ref. 27 that “the ‘suitable IRF’ is nothing but ‘the most convenient’ one. Let us mention some 
examples actually considered in Selleri’s papers: if the rotating reference frame is the Earth, the 
‘suitable IRF’ is the Earth-Centered IRF TS ; if the rotating reference frame is a beam of relativistic 
muons in a storage ring, the ‘suitable IRF’ is the laboratory frame, at rest on the Earth … if the 
rotating reference frame is a rotating platform, the ‘suitable IRF’ is the central IRF. Last but not least, 
it seems surprising that, in all these examples, the only serious candidate to the role of ether rest frame, 
namely the IRF in which the cosmic background radiation is isotropic, keeps playing no role at all. So 
it should be realized (or at least suspected) that the ‘ether rest frame’ is nothing but a misleading 
expression which can be used for every useful IRF, contrary to a Lorentz-like approach and according 
to a relativistic approach.” In the quoted sentences double quotation marks were changed to single 
quotation marks. The fact that PTs and Doppler shifts can be obtained from any inertial frame 
disguised as a preferred one is well described. If ji  is known, under the standard synchronization, 
we can select any iS . The PFT also can use the convenient iS  as the suitable IRF (inertial reference 
frame), introducing the standard synchronization, if ji  is readily found in iS . Then PTs and 
Doppler shifts can be exactly found through LT under the uniqueness of the isotropic frame, as 
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explained in Section IV. The reason for “keeps playing no role at all” is the equalities in Eqs. (26) and 
(27).  
Recall ),( ijG TA  . The first row of A  is ],1[|1 Tjijir i A , as explained in Subsection 
III.1. Though the equivalence of inertial frames under the light speed constancy is mathematically 
infeasible, STR satisfies Eqs. (26a) and (27a), as shown in Eqs. (30) and (31), regardless of the 
directions of i  and j  for any iS  if ji  is correctly given. The reason why it satisfies them is 
because the first rows of )( jiL T  and ),( ijG T  are identical. However, STR cannot provide the 
correct predictions if the transformation from iS  to jS  is made via an intermediate frame, say kS . 
In that case, it remains the same in PFT, as shown in Eq. (39), but ),()( kijkLjiL  TT   in STR. 
The first rows of ),( ijG T  and ),( kijkL T  are different because kjiji /  . As a result, the 
predictions of STR become incorrect. 
Though empirical differences between STR and PFT may not be seen from PTs, Doppler shifts, and 
two-way speeds of light, we can see them from the one-way speed of light. Of course, we may be 
unable to carry out experiments to directly measure the one-way speed because of the problem of the 
synchronization between distant clocks. However, we can know the speed by analyzing some 
empirical results related to it. The global positioning system (GPS) has been known to provide very 
accurate position and time information by compensating for relativistic effects [20, 30]. The GPS 
positioning implicitly needs the one-way speed of light to find the information. Thus, it can be 
calculated from the GPS navigation equations, which shows that the speed of light is anisotropic in the 
Earth frame [31]. It is known that the so-called Sagnac correction due to the Earth’s rotation should be 
made for accurate information. In fact, the correction is needed on account of the anisotropy of the 
light speed. The Sagnac effect has been observed in inertial frames as well as in rotating frames [16, 
17]. The generalized Sagnac effect that involves both linear and circular motions can be analyzed 
based on TCL [18]. We can also make an analysis of the effect by using the MS framework [11], 
taking account of the motion of the laboratory frame. These theoretical analyses, which correspond 
with the experimental results, indicate that the one-way speed of light is anisotropic in inertial frames 
as well as in rotating frames. The inertial transformation [18, 25, 26], which is consistent with PFT, 
shows the anisotropy of the speed of light as well.  
 
IV. LORENTZ TRANSFORMATION AND ITS USEFULNESS 
As explained in Section III, the isotropic frame is unique. Exact physical quantities can be obtained 
through the ET. However, though the ET requires the absolute velocities i  and j  with respect to 
the preferred frame S , they are unknown. On the contrary, the LT needs only the relative velocity 
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ji  to make the transformation from iS  to jS . Besides, it can allow us to readily approach physics 
problems by easy mathematical manipulation. The LT should be used, but without the postulates and 
with its exact meaning and its limitation. With this viewpoint, we investigate physical quantities that 
can be exactly obtained by LT. The spatial vector from LT is not exact. We examine how accurately 
LT can provide it, through numerical calculations. 
 
1. Exact physical quantities obtainable 
  Though generally )( jiL T  is not identical to ),( ijG T , they become equal if i  and j  are 
collinear. Recall ),( ijG TA  . The matrix 22A  is expressed from Eqs. (5), (8), (9), and (19) as 
IA  TiiiTjjjTijijijijij  ˆˆ)1(ˆˆ)1(ˆˆ])1([22  ,    (40) 
where iTj  ˆˆ . Suppose that the directions of i  and j  are the same so that 1 . Then, 
jiij   , and the first column of )( jiL T  is the same as that of ),( ijG T . The former becomes 
equal to the latter if the )2,2( -entries of their partitioned matrices equal. The ji  and the 
22|),( ijG T  are calculated from Eqs. (11), (19), and (40) as 
)1( jijiji   ,                             (41) 
IT  TjjjiijG  ˆˆ)1(|),( 22  .                        (42) 
As ji  is a linear combination of i  and j , it is obvious that  
T
jj
T
jiji  ˆˆˆˆ  .                               (43) 
From Eqs. (29), (42), and (43), 2222 |)(|),( jiLijG  TT  . Next, consider a case that ji  ˆˆ  . In 
that case, one can readily see that jiij   , )1( jijiji   , and 22|),( ijG T  is 
represented as Eq. (42). Equation (43) is also valid for ji  ˆˆ  , and )( jiL T  is identical with 
),( ijG T . Similarly it can be shown that ),()( kijkLjiL  TT   if jk  and ki  are collinear. 
Usually the LT has been used under the collinear condition, which may have led to the 
misunderstanding that STR is consistent despite ),()( kijkLjiL  TT   generally. 
Recall ),(),( 1 ijGijTG  TT . The invariant interval is retained in ),( ijG T  as well as 
)( jiL T . The coordinate vector )( jp  is related to )( ip  by Eq. (28). Because )()( jj   , )()( jj ll   
where |||| )()( jjl x  and |||| )()( jjl x . The same spatial length as the exact one is attained from the 
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LT. On the other hand, in general, the entries of )( jx  are different from those of )( jx , which are 
independent of synchronization schemes. As )()( jj dd    and )()( jj dlld  , where 
|||| )()( jj dld x  and |||| )()( jj ddl x , one can also discover exact physical quantities by combining 
)( jd  and )( jld  like )()( / jj tdld . 
As an example of discovering exact quantities from LT, let us deal with the Hafele–Keating (HK) 
experiment [32]. In the HK experiment, three observers 1~O , 2~O , and 3~O  are involved. One 
observer 1~O  is at rest on the Earth while the others 2~O  and 3~O  fly around the world in the 
direction of rotation of the Earth and in the opposite direction. The exact PTs of the observers can be 
found even if the Solar System is considered isotropic by introducing the standard synchronization. 
The observer mO~ , 3,,1 m , is assumed to move at a constant speed m  in the standard-
synchronized frame iS  of the Solar System. They are in circular motion. It is necessary to 
approximate circular motions as linear motions such that LT can handle them. Figure 2 shows an 
approximation to a circle by n  line segments. As n  tends to infinity, the linearized shape 
approaches a circle. The line segments belong to different inertial frames because the directions of the 
velocities are different though their magnitudes are the same. In Fig. 2, when an observer mO~  
belongs to an inertial frame jS , the travel time as seen in iS , which is AT, is mjmj dlct  /  
where jdl  is the length of the segment jj pp 1 . The overall travel time by the clock of mO~ , which 
is PT, is given by mmmm lct  /  where 2/12 )1(  mm   and ml  is the travel distance in iS .  
The generalized Sagnac effect, in which fringe shifts are observed by the difference between the 
travel times of two counter-propagating light beams traversing an optical fiber loop, can also be solved 
by using LT. Special relativity and/or general relativity cannot consistently explain the Sagnac effect 
even if it does not involve uniform linear motion [19, 20]. Even the speed of light in a rotating frame 
has remained unsolved under the theory of relativity based on the constancy of the speed of light. 
However, as exact spatial lengths and PTs are calculated from LT, the exact time difference can be 
obtained. 
In the experiment of the generalized Sagnac effect [16, 17], an optical fiber loop rotates together 
with the light source and detector at a normalized speed of   with respect to the laboratory frame, 
which can be considered to belong to an inertial frame iS . Two light beams b  and b  emitted 
from the source at the same time travel around the optical fiber loop in opposition directions. The fiber 
loop that has an arbitrary shape can be approximately represented by n  line segments similarly to 
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Fig. 2. Consider that a light beam travels to the jth segment which belongs to an inertial frame jS  
moving at a velocity ji  relative to iS . Even though LT is employed for the transformation between 
iS  and jS , the speed of light with respect to PT in jS  is equal to the one from ET [11], as shown in 
the following.  
Let )( jiL TA  . Using Eqs. (21) and (28), the differential spatial vector )( jdx  is written as 
)( 2221)()(  iij dd cAAx  ,                           (44) 
where )()( / iii dd  xc  . As IAA T , it follows that 
2
112121 1 AT AA , 12112221 AAA AT  , 12122222 AAIAA TT  .             (45) 
The squared magnitude of )( jdx  is given from Eqs. (44) and (45) by 
])(2)1[(|||| 121212112112 )(2)(  iTTiiij AAdd cAAIccAx  .            (46) 
Because iS  is standard-synchronized, for a light beam 1|||| 2 ic . Using Eq. (46) and recalling 
that jiA 11  and Tjijii 12A , we have  
)()(  iTjiijij idld c .                          (47) 
Clearly )( jd  and )(id  are related by jiij dd  /)()(   in LT. The speed of light with respect to 
the PT of an observer jO  at rest in jS  is calculated as  
)ˆ1(2
)(
i
T
jiji
j
j
j ctd
ld
c c 

.                         (48) 
The speed of light, jc , calculated from LT is the same as that from ET. Equation (48) shows that jc  
depends on the propagation direction, which indicates the anisotropy of the speed of light in inertial 
frames. 
The speeds of the co-rotating b  and counter-rotating b  are written as )ˆ1(2   iTjijij cc c  
where jc ( ic ) are the speeds (velocities) of b  in jS ( iS ). The elapsed times during the travels of 
b  in jS  are calculated as  
)ˆ1(2)(  

i
T
jiji
j
j
j
j c
ld
c
ld
td
c ,                        (49) 
where )( jdt  are the elapsed PTs when b  traverse the respective paths. Because b  and b  
travel in opposite directions,   ii cc . The time difference in jS  is given by  
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])ˆ(1[
ˆ2
22)()(


  iTjiji
i
T
jij
jjj c
ld
tdtdt
c
c


  .                  (50) 
As the direction of ic  is identical with that of ji , jiiTji cˆ  and the denominator in Eq. (49) 
is reduced to c . The differential segments that compose the fiber loop move at the same speed, and 
thus all ji  are equal to  . Then 
c
ld
t jj
 2 .                                (51) 
The total time difference Ft  observed at the detector is written as 
c
ltt F
n
j
jnF
 2lim
1
 

,                          (52) 
where   nj jnF ldl 1lim . As explained above, jld  is identical to the exact one jdl . The sum Fl  
of differential lengths corresponds to the rest length of the fiber loop. Equation (52), which is the same 
as the time difference from ET [11], agrees with the experimental result. Using LT, one can find the 
exact time difference of the generalized Sagnac effect unless it is subject to the postulates of STR.  
 
2. Numerical examples 
The spatial vector obtained by the LT is not identical with that by the exact one. This subsection 
numerically examines how accurately the LT can find it. Given two constant velocity vectors, one can 
establish a 2-D spatial plane such that it includes them. Hence it can be assumed without loss of 
generality that i  and j  belong to the x-y plane in S . Then ji  and ij , which are linearly 
dependent on them, do so. We suppress the z-component so that the spatial and the velocity vectors are 
represented in 2-D spaces. To measure the accuracy of )( jx  with respect to )( jx , we define a 
normalized error as follows:   
||||
||||
)(
)()(
j
jje
x
xx
x
 , 
where )( jx  and )( jx  are obtained from Eqs. (28) and (6), respectively. To set the speed i  of the 
frame iS , we consider the motion of the Earth. Our Solar System has been known to move at a speed 
of about 370 km/sec in the cosmic microwave background [33]. In the numerical calculation the speed 
of iS  is set at 370 km/sec and Ti i ]1,1,[)( p  is used. The angle between i  and j  is denoted 
by  . 
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Figure 3 illustrates xe  as a function of j  for o5 , o15 , o45 , and o90 . The error 
increases with an increase in j . However it is very small even when the speed of jS  is close to c . 
For example, when o15  and j 0.2, xe  is smaller than 3.3 x 10–5. As j  goes to zero, 
)( jiL T  approaches )( jG T  so that xe  tends to zero, which is shown in Fig. 3. Additionally one 
can see that the error increases with an increase in  .  
In Fig. 4, the effect of   on xe  is shown when j 0.5, 0.05, and 0.005. If   is zero, i  
and j  are collinear and the LT is the same as ET. As a result, xe  reduces to zero. It is seen that as 
  increases from zero, the error does so. When  o10 , the errors are shown to rapidly approach 
zero as   decreases. Moreover we see that even if the speed of jS  is close to c , the error is small 
irrespective of  . For example, when j 0.5, it is less than 3.4 x 10–4 for every  . 
 
V. CONCLUSIONS 
The STR has suggested the time relationship (30) and the Doppler formula (31). The predictions of 
STR have been verified through numerous experiments to test it. As seen in Eqs. (26a) and (27a), 
which are identical to Eqs. (30) and (31) from STR, PTs and Doppler shifts are exactly obtained by 
treating inertial frames as if they were isotropic, which may have led to the firm belief that STR has 
been experimentally verified. However, these experimental evidences prove PFT, rather than STR. If 
all inertial frames are equivalent and isotropic according to the postulates of STR, the left side of Eq. 
(33) should be equal to the right side, which is, however, mathematically infeasible. The Mocanu 
paradox results from the non-equality. Equations (26) and (27) have been derived from ET under the 
uniqueness of the isotropic frame. The reason why the experimental results of PTs and Doppler shifts 
are in agreement with the predictions of STR is because the first rows of )( jiL T  and ),( ijG T  
are identical, which leads LT to satisfy Eqs. (26a) and (27a).  
Despite the infeasibility, LT must be a useful method to approach physics problems, as can be seen 
from the remarkable achievements that STR has shown so far. The exact physical quantities can be 
obtained from ),( ijG T , which requires the absolute velocities i  and j , though. The LT 
allows us to make a transformation from iS  to jS  by using only the relative velocity ji , without 
the need for the absolute velocities. Though )( jiL T  is not equal to ),( ijG T , some physical 
quantities, such as time intervals, spatial lengths, speeds of objects, and Doppler-shifted frequencies, 
can be exactly obtained from the former. It has been shown according to this fact that in the 
experiment of the generalized Sagnac effect, the speed of light with respect to PT and the travel times 
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of light beams can be exactly calculated by utilizing LT. The analysis result via LT indicates that the 
speed of light is anisotropic in inertial frames. On the other hand, the components of the spatial vector, 
which are independent of synchronization schemes, are different from the exact ones. We have carried 
out numerical calculation to see how accurately the LT can find those. The numerical results show that 
the values from LT are, though not exact, very accurate even if the speed of jS  is close to c .  
The useful LT should be utilized, but with its exact meaning and its limitation. We cannot use it 
under the postulates of STR, which cause inconsistencies and paradoxes. The STR results in Eqs. (30) 
and (31) when )( ip  is directly Lorentz-transformed into jS  as Eq. (28) with ji  and )( ip  given 
correctly. If the coordinate vector in jS  is obtained through an inertial frame kS  so that it is 
calculated as )(/)( ),( ikijkLkj pTp   according to the postulates, even the time component of the 
resultant does not correspond to the one from the ET. We should use LT, keeping in mind that the 
isotropic frame is unique. 
The experimental results of the Sagnac effect and the empirical evidences of the GPS indicate the 
anisotropy of the speed of light. Nonetheless, physics problems can be approached through the 
standard synchronization. Great insight of Einstein can be seen from the statements [34], “That light 
requires the same time to traverse the path AM as for the path BM is in reality neither a 
supposition nor a hypothesis about the physical nature of light, but a stipulation which I can make of 
my own freewill in order to arrive at a definition of simultaneity.” Once the standard synchronization 
is introduced, the standard-synchronized frames may be considered equivalent so that the 
representation for physical laws can have the same form in each of them. As a matter of fact, as far as 
kinematics is concerned, the Galilean transformation conforms to the equivalence of inertial frames 
and so the preferred frame would not be revealed, though simultaneity is absolute. However, it is in 
disagreement with the experimental results of time dilation. Nature itself reveals the preferred 
reference frame. 
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Fig. 1. Time interval at the same place and time interval between different places, which are equal in 
the isotropic frame S . 
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Fig. 2. Linearized description of a circle by n  line segments. 
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Fig. 3. Normalized errors versus j  for o5 , o15 , o45  and o90 .  
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Fig. 4. Normalized errors versus   for 5.0j , 0.05, and 0.005. 
